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Abstract—This paper presentsan k-partition, graph theo-
retic appmoad to perceptualorganization. Principal results
include a genealization of the bi-partition normalizedcut
to a k-partition measue, and a derivationof a sub-optimal,
polynomialtime solutionto the NP-haid k-partition problem.
The solution is obtainedby r st relaxing to an eigervalue
problem,followedby a heuristicprocedue to enforce feasi-
ble solutions.Thisapproad is a departue fromthe standad
k-partitioning graph literature in that the partition measue
usedis non-quadatic, and is a departue from image say-
mentationliterature in that k-partitioning is usedin placeof
arecusivebi-partition. We applythisapptoac to image seg-
mentationof infra-red (IR) images, and showrepresentative
segmentatiorresults.Initial resultsshowpromisefor further
investigation.

1 INTRODUCTION

Imagesegmentationis the procesof extractingcoherente-
gionsor objecthypothesefrom images.This processs dif-
cult sincearbitrary lighting and backgroundsan clutter a
sceneresultingin incorrecthypotheses.Segmentationsys-
temsoften compensatdor this variability by coupling bot-
tom up processingwhich createssalientregionsandfocuses
computationwith top down knowledgebasedprocessingo
overcomenoise[1-3]. In this paper we focuson a bottom
up approachbasedon perceptuabrganization,which canbe
integratedinto sucha coupledsystem.

Perceptuabrganizationrefersto the ability of computervi-
sion systemsto organize featuresbasedon humanvision,
or Gestaltic,criteria. This sort of organizationpermitsthe
formationof objecthypothesesvith minimal domainknowl-
edge,and thereforeminimal restrictions[4]. One ef cient
representatiofor perceptuabrganizationis usinggraphthe-
ory [4,5]. Imagesare abstractedto a graph representa-
tion, wheregraphnodescorrespondo imagelocations,and
weighted graph edgesencodemeasuref Gestaltic simi-

larity betweennodes. This abstractiontransformsthe im-
ageseymentatiorprobleminto graph partitioning, which at-
temptsto groupnodessuchthatsomepartitioningmeasurer
cutis maximizedwithin eachgroupandminimizedbetween
groups.

Approachego graphpartitioningcanbe classi ed according
to partitioningmeasureandpartitioningprocess First, parti-

tioning measuresxploredin imagesegmentatiorincludethe

min cut, averagecut, andnormalizedcut [6—8]. Analysishas
shavn thatgiven 2-aryfeaturesthe averagecut andnormal-
ized cut produceequialentimage segmentationswvhich are
superiorto the min cut [9]. This analysismotivatesfurther
investigation into the normalizedcut. Seconda partitioning
processs generallycatgyorizedasa recursve bi-partitionor

k-partition[10]. A recursve bi-partitiondividesa graphinto

two groups,thenrecursvely divideseachgroupuntil k par

titions areobtained3,5,7]. A k-partition attemptgo divide

a graphinto k groupssimultaneously Image segmentation
hasbeenhistorically dominatedoy the recursve bi-partition,
however as notedin [11], recursve bi-partitioning suffers
from a lack of global perspectie which could leadto sub-
optimal sgmentatiorwith respecto thek-partition.

In this paper we presenta k-partition graph theoreticap-
proachto perceptualorganization. We generalizethe bi-

partition normalizedcut to a k-partition measure,and we
derive a sub-optimal,polynomial time solutionto the NP-
hard k-partition problem. The solutionis obtainedby rst

relaxingto an eigervalue problem, followed by a heuristic
procedureto enforcefeasiblesolutions. This approachis a
departurefrom the standardk-partitioning graph literature
in thatthe partition measuraisedis non-quadatic [12-15],
and is a departurefrom image segmentationliterature in

thatk-partitioningis usedin placeof a recursve bi-partition
[3,5,7,8]. We concludewith initial resultsfrom applying
this approachto the segmentationof potentialtamgetsin IR
images.

2 K-PARTITIONING A GRAPH

Image segmentationmethodsbasedon graph partitioning
consistof formulatinga weightedgraphfrom the imageand
partitioningthe graphsothatsomemeasuref similarity de-
ned over partitionsis minimized. Suchminimizationprob-
lemsarein generalNP-hardand, asa result,approximation



schemesrenecessary

Our approachasthe following overall structure:Formulate
a corvex lower bound problemand computea suboptimal
solutionin polynomial-timeusingsemide niteprogramming
(SDP)[12,14,16,17]. We thende ne a lower boundusing
eigernvalue-basedoundswhicharespeciakcase®f SDPthat
admita non-iteratve linearalgebraicalgorithm.

2.1 Notations

All vectorsand matricesconsideredarereal. 1y is a a col-
umnvectorof lengthk whoseelementsareall equalto one.
& is acolumnvectorwhoseelementsareall zerosexceptthe
kth entrywhichis 1. The transposef A is denotedoy A°.
The elementby elementHadamardproductof two matrices
A andB is denotecby A B. A B denoteslement-wise
inequality A B denotesherequirementhatA B is pos-
itive semide nite. Strict inequalitiesaredenotedby A > B
andA B. If A 0, thenA hasa positive squareroot
whichis denotedby A2, i.e A1¥2 0 andA = A12AL=2,
Th%element-wisepositive squareroot of A 0 is denoted
by A. A? aninner matrix whosecolumnsspanthe null
spaceof A2 A nB denotesthe set differencesuch that
AnB = fxjx 2 A;x 2Bg. The traceof a squarematrix
is denotedby trace( ); while the maximumeigervalue of a
symmetricmatrix is denotedy max (). Thediag() opera-
tor actson vectorsto give diagonalmatricesin the following
way: (i; i)th elementof diag(v) is theith elementof v.

2.2 ProblemOverview

Let G = (V;W) beagraphfor whichV is anordered nite

setof verticesor nodeswith jVj = N elementsLetW = W©
bethesizeN N edgeweighting matrix, suchthat W

0, whoseelementsW;; correspondo the similarity weight
betweerthei" andj ™ nodesThematrices

D = diag(d) = diag(W1ly) and L=D W

will playimportantrolesin this paper Thediagonalkelements
of D arethe sumsof therows of W, andwe assumeD 0.
The matrix L is known asthe Laplacian,whereL1y = 0,
det(L)=0,andL O.

A k-partitionof GisanN K membershignatrix X , which
assignseachv 2 V to onepartitionV; suchthatfor all 1

i Kk, Vi6;,Vi[ Vo [ Vk = V,andV;\ V, = ; for
i 6 j. An optimal k-partition X oot minimizesa similarity
measuréN (X ) overall X satistfyingcertainconditions.The
goal of this analysisis to de ne an optimalk-partition X gp
of G.

2.3 Similarity measures

We areinterestedn separatinghe verticesin V into k dis-
joint classesccordingo somemeasuref similarity. De ne:
Vo= f(ADK, A6 ;A\ A =; foralli 6 j; @
andA;[ Az [ Ak =Vg
to be the universeof partitions over which similarity mea-
suresarede ned. In orderto de ne similarity measuresnd
performcomputationslet us rst identify V, with thefollow-
ing subsebf avectorspace:

Xp= fX2IRY ¥:X X =X;X1 =1y and @)
X%y 1g

Thisis a nite setbecauséhe constraintX X = X implies
that every elementof X mustbe eitherO or 1. In addition,
the constraintsx 1y 1 (non-emptysets)andX 1y = 1y
(disjoint sets)guaranteghatthe columnsareorthogonaland
that one and only one entry of eachrow is 1. It is easyto
verify thatV, andX, arein one-to-onentocorrespondence.

Normalizedcut— De ne the functionsf 5;gp : Xp ! IR ¥
asfollows:
fp(X) = XDX and gy(X) = X LX (4)

whereD is the diagonalmatrix of row sumsof W andL is
the Laplacian. Somepropertiesof thesefunctionsare given
below:

1. f,, is diagonalbecauseD is diagonal,the columnsof
X areorthogonalandevery elementof X is either0 or
1. Moreover, f,(X) Ofor ary X, aconsequencef
D OandthefactthatX hasfull rank.

2. gp(X) 0,00(X)1 = Oanddet(gp(X)) = Ofor ary
X . Thesefollow from the propertiesof L andX .

Beforede ning the measuredgt usinterpretthesefunctions
in termsof the setof partitionsVj,. Fix X 2 Xp. Let (Aj)k,

be the correspondingartition of V. The (i; i)th elementof
fo(X) is the total connectionweightfrom A; to V. Notice
that

(X)) = XAX = XD W)X = fp(X) XWX

So, the (i; i)th elementof gy(X) is the total connection
weight from A; to V nA;. Therefore,the (i; i)th element
of

fp(X) gp(X)fp(X) 172

is the total connectiorweightfrom A; to V nA; normalized
by the total connectionweight from A; to V. With this in
mind, we de ne thenormalizedcutNg : X, ! IR asfollows:

No(X) = trace fp(X) F2go(X)fp(X) 12 (5)



This is clearly a generalizatiorof the normalizedcut of Shi
andMalik [7].

Roughly speaking,Ny seeseachclassA; in relationto its

complementn V anddoesnotdirectly usebetween-class-

formationasthe de nition involvesonly diagonalelements.
The off-diagonalelementsof g,(X) arethe total weights
betweerclassesndcouldbeusefulin separatinghe classes.
Oneway to bring in this between-classformationis to de-

ne themaximuneigervaluemeasueN :X,! IR:

N (X)= max fp(X) Pg(X)fp(X) 2 (6)

InterestinglyNo = N in the2-cut case(k = 2) whichis to
be expectedfrom our interpretationsMathematicallythis is
becauseone of the eigenvaluesof f, **gyf, 1™ is always
zero.

2.4 Graph Partitioning Problem

We would like to minimize the measureN de ned in the
previous sectionpossiblyover X,,. However, X, containsall
k-cuts including somethat partition the imageinto several
small subsetsanda large one. The normalizedcut measure
wasoriginally de ned by ShiandMalik [7] to guardagainst
suchpartitionsfrom becomingoptimal. A more direct way
is to insist that every subsetin a partition be bigger thana
speci ed sizethereby eliminating unrealistic partitions To
thisend,let sy 2 IR¥ beavectorwhoseentriesareall strictly
positive integersthatspecifythe minimumsizeof eachparti-
tion. Assumethatthe sumof elementf sy is nolargerthan
N . De ne:

So= fs sp:entriesof s areintegersand @)
1,%=Ng
and,for eachs 2 Sy, de ne thefollowing subsebf Xp,:
X$= X 2RV KX X =X; X1 =1y @®

and X %y = sg

whichis the setof all partitionsof X whosecomponentsare
of size speci ed by the componentof s. The union of X
over Sy is amorereasonableepresentate of imagesegmen-
tationobjectvesthanX,. We shallthereforeformulategraph
partitioningproblemson this union.

The goal of the graphpartitioning problemis to nd a sub-
optimalsolution(s 2 Sp; X 2 X?) suchthatN (X)<  +
forary > 0, where

= mi in N (X 9
7, 1N 00 ©

It is known that the normalized2-cut is NP-complete. So,
polynomial-time algorithms for computing cannot be
found (unlessP=NP).We arethereforeinterestedn comput-
ing sub-optimalksolutionspreferablywith known quality.

2.5 Eigervalue-basedbounds

Thebasicideain semide niteprogramming SDP)relaxation
andits specialcaseconsideredn this sectionis to replacethe
constraintsetX > with alarger setcontainingX;. It canbe
shavn [18] thatXJin (8) is equivalentto:

fX 2 IRN K:X% = diag(s); X 1x = 1n;
X%y =sandX 0Og

Xp = (10)

fromwhicharelaxationis obtainedoy ignoringtheconstraint
X 0.

De ne:

Sax = FX 2RV kX% = diag(s); 1)
X1k = 1y andX %y = sg

which, unlike Xps, isanin nite set,dueto therelaxation.

It canbeshowvn [18] thatX 2 X3, if andonly if
h i "ho#
= =
X (s) = &% 17 é g pgN?O diag(s)"™ (12)

or correspondinglyX (s) = U;U,Udiag(s)*? for somein-
nermatrixZ.

Using this de nition for X3,,, , a lower boundto the mini-

mizationin (9) fora x eds 2 Sy is:

inf subjectoXY D L)X O0;
Z (13)
X = U;U,Uiag(s)*™%; 2% = |

which is obtainedby introducinga new variable andusing
propertiesof max (). Remaing X andtheinvertible outer
factorsusingcongruencejives:

bg = inf subjectoUUY( D L)UU, O
Z
(14)
andZ2% = |

Thus,theinner minimizationof the lower boundproblemin
(9) is equvalentto theabove in mization.

Using a Schur complementargument, the positive de nite
constraintU?U?( D L)U;U, 0in (14)is equivalentto
theconstraint:

p

20 ( 1)|+pa? D WD 2°d z 0 (15)

De ne:

p—»

p_oo - _
A=( 1l+ d D ¥wpD ¥ d

B=D “*wD '



The positive de nite constraintin (15) holdsif Z is any ma-
trix whoserangeis containedin the eigensubspacessoci-
atedwith the strictly positive eigervaluesof A. It follows
from a similarity transformamgumentthatif the eigervalues
of B arel= 1 2 N, thenthe eigervaluesof
Aare( 1)+ > ( 1+ 3 ( D+ n.
For A to have k 1 strictly positive eigervalues, the re-
quirement > (1 ) musthold. Therefore,the choice

=@ )+ forsome > 0,andZ aninnermatrixwhose
columnsare the orthonormaleigervectorscorrespondingo
the k-1 strictly positive eigemvaluesof A, resultsin the pair
( ;Z) beingafeasible sub-optimakolutionto (13)and(14).
For agivens 2 Sy, this feasiblesolutionde nesan X asin
(12),for whichN (X)< (1 )+ . Foradetailedderiva-
tion, pleasesee[18].

2.6 Computational Solution

Following the resultsin the previous section,a sub-optimal
solution(s 2 Sp; X 2 X3, ) suchthatN (X) <

relax
given > 0, canbecalculatedasfollows.

bd t

Algorithm 2.1 (Solutionof eigervalue-basedower bound)
Performthefollowing computations:

1. Computdargestk eigervaluesof D *¥?wWD 172

1= 2 K
and a correspondingorthonormalset of eigervectors
Vi;V2; k.
2. Dene
=D ¥y fori=12 :k

andapply Gram-Schmidorthonormalizatiorprocedure
startingwith ¢ .

3. Chooseary s2 Sy gndset

whereM 2 IRN ¥ is the inner matrix obtainedin the
Gram-Schmidbrthogonalizatiorof Step2.

Then, ,4=1 and(forary > 0, thematrix X given
in Step3satisesN (X)<1 (+

NotethatStepl andStep2 of thealgorithmdo notinvolve s.

Hence, ,4 isindependenof s andevery X givenby Step3

hasthe samequality. This is becausehe relaxed constraint
set,withoutthe coneconstraintX 0, admitsall directions.
So,in Step3, we oughtto chooses 2 Sy with the objectve

of enforcingX 0. We do soby solvingthe following min-

imizationproblemfor b :

J= min  jiX(B) X(B) X(B)i*+jiX®) ji
b &
K= KT

where "p_p_*#
X(B) =M 55 N diag (k)™
= _ 50 |
oK p b? ) g
X (b) isthematrix X (b) with all positive entriessetto 0,

ii Jji denotegheFrobeniugmatrix norm,and:
&=1b:b

whichis arelaxationof Sy de nedin (7).

sp and1y% = Ng

The nal resultX is formedasin Step3 of Algorithm 2.1
usingthe solutions = b to the minimizationof J. The ma-
trix X de nes a k-partition, wherethe rows of the solution
canbeinterpretedasthe con dencethata nodebelongsthe
grouprepresentetly thecorrespondingolumnof X . Dueto
theuseof relaxed constraintsX is realvalued,sothe group
membershipf thei™ nodein X is choserto bej suchthat
Xij X; foralll | k.

3 IMPLEMENTATION AND RESULTS

Section2 describeda computationakngineto performa si-
multaneouk-way partitioning of a weightedgraph. In this
sectionwe relatethetheoryof Section2 to aspeci ¢ applica-
tion, namely segmentingobjectsof interestfrom background
in IR imagery

Image sggmentationcan be consideredo be a preliminary
step towards Automatic Target Detection (ATD), the au-
tonomouslocation of targetsin sensordata. When using
infrared and optical sensorswhere the sensordatais rep-
resentedby an image of the sceneunder surillance, the
ATD problembecomesone of forming tarmget-classhypoth-
esisfrom pixelsin theimage. Imagesegmentationis an ef-

fective pre-processintpol to form objecthypothesebeforea
decisionlevel algorithmis usedto determinaf eachof these
objectsis atargetof interest.The useof perceptuabrganiza-
tion ensureghatthe objecthypothesesre formedbasedon

robust,humanvision basedriteria.

3.1 Featuresfor grouping

Perceptuabrganizationtheoryprovidesasetof heuristicsoe-
lievedto beusedby the humanvisual systento separateg-
urefrom groundin animage,with little or no prior informa-
tion. Theseheuristicsgren out of the Gestalticmovement
to explain how humansare able to reliably and repeatedly
segmentarbitraryimagesinto gure andbackground.Such
heuristicsinclude: proximity, similarity, closure,symmetry
andcontinuity[4].

In the contet of graphpartitioning, perceptuabrganization
canbeusedto de ne featuresvhich characteriz¢herelation-
shipbetweerimageregions. Therelationshipsareencodedn
theedgeweightsof theweightedgraph.

Theweightbetweerntwo nodesin thegraph,or in our partic-



ular case two pointsin theimage,is calculatecasa function
of image properties,or features at the two points. Speci -
cally, with M featuresunderconsiderationthe weight Wj
betweertwo pixels,i andj, canbecalculatedas

Wij - Wijf eatur e; WiJT eatur e; Wijf eatur ey (16)
The weight basedon a certainfeatureis a function of some
measuref similarity, d; , suchthat,

f eatur en 2#
(dj )

f eatur e; _ 1
W; = exp 5
f eatur en,

a7
2 determinesherelative strengthof thefea-

Whe.re' f eatur ey .
turein the perceptuagrouplngprocess.

Featuresxploredin thisimplementatiorareasfollows:

Intensity: is thedifferencen theintensityof the
imageatpixelsi and;j .

Proximity: df’ ImY " is the spatialdistancebetweenpix-
elsi andj .

Texture: di>"" © is a measureof the differencein distri-
butionsof textons or primitive texture elementswithin
aregion. Asin [19], we calculatethe similarity between
two pixelsto bethe ? distancebetweertwo texton his-
togramscomputedrom local regions centerecon each
pixel.

Contour: dﬁ"”“’”’ is calculatedusingtheinterveningcon-
tour framework [19], wherethe similarity betweenthe
two pixelsis inverselyproportionalto the strongeston-
tourthatseparatethem.

intensity

3.2 Computational Considerations

The computationalrequirementsof the k-way graph parti-
tioningalgorithmincreasgolynomiallywith imagesize[20].
Any effort to decreasehe computationalrequirementsby
downsamplingthe image or weight matrix resultsin small
targetsbeingoverlooked,whichimpliesthatit is importantto
useevery pixel ontarget,andby extension gevery pixel in the
image for grouping.

A possiblesolutionto the computationabroblemsencoun-
teredwhen dealingwith every pixel in a large imageis to

develop a groupinghierarchy. We have implementedsucha

hierarcly usinga bottomup approachwheresmall areasof

theimagearepartitionedat the lowestlevel of the hierarcly

usingtheapproachdescribedn Section? andthesepartitions
arethenrecursvely meigedat the higherlevels. The recur

sive mege alsousesthe theoryin Section2 by treatingthe
partitionsasnodesin a graphandusinga measureof simi-

larity betweenpartitionsas edgeweights. We illustrate our
approachusingthe exampleshown in Figure 1. For details,
onemay referto [20]. By usinga quadrant-baserecursve

meiging processthis approaclhis approximatelyl6- ! times
fasterthan a single-steppartitioning of the entire image at
once,whereL is thenumberof levelsin thehierarcly.

Quadrant-based
hierarchical

grouping

-
—~—— Raw Image———

Figure 1. Thehierarchicabpproactor a 3-level hierarcly

3.3 Results

This sectionshavstheresultsof thefollowing approachcre-

atingtheimagegraphasde ned in Section3.1, partitioning

thegraphusingthetheorydescribedn Section2 andthenre-

peatingthesestepsusing the recursve hierarcly described
in Section3.2. The imagesshavn hereare from the Fort

Carsondatabas§?1], dovnsampledrom the original sizeof

256 25610128 128 Theresultsareshovn with different
colors,eachcorrespondingo a perceptuallysalientimagere-

gion. It shouldbe notedthatwe currently x the numberof

partitions,k, of asub-imageat eachlevel of the hierarcly.

Figure2 shavs examplesof ourapproachwith thelR images
undertestalongthetoprow andthecorrespondingegmenta-
tion resultsalongthebottomrow. Figure2 (a) shavsasimple
example,wherethetargetof interestis anM113 TOW vehi-
cle,agpinstthebackdropof agrassyregion. Theresultshavs
that the three perceptuallysalientregions of grass,sky and
targetare correctlysegmented.Figure2 (b) shavs animage
with two tametsof interest. The car on the right is clearly
visible while the caron the left bleedsslightly into the back-
ground. Both tamgetsare successfullysegmentedalongwith
thecorrectbackgroundartitionsbetweertheground,a hilly
areaandthe sky. Figure2 (c) shavs anIR imagewith two
tamgetsof interest,an SUV thatis clearly visible anddistant
M113TOW vehicle,alongtheslopeof ahill, thatis veryhard
to see. The algorithmdetectsthe SUV and partially detects
the M113, alongwith correctlyidentifying the horizon. Fig-
ure 2 (d) shavs an M113 TOW vehicle againsta cluttered
backgroundin the IR image. The sggmentationalgorithm
correctly segmentsthe tamget, indicatedby the black region
in theresult,from backgroundalongwith additionalclutter.



(@) (b)

Figure 2. (top) A seriesof imagesfrom the Fort CarsonlR imagerydatabasébottom)Segmentatiorresults

4 CONCLUSIONS

This paperhaspresentedhe theoryandinitial resultsfor a
new k-way graphpartitioningapproacho imageseymenta-
tion basedon perceptuabrganization. Theresultsin Figure
2 shav that the approachprovides good tamget-background
separatiorin scenarioswith multiple targets,tamgetsof dif-
ferentsizesandclutteredbackground.n all thesecasesthe
backgrounds alsosegmentedappropriately

The resultsshavn in Figure 2 alsopoint out areaghat need
further investigation. For instancejn Figures2(a) and2(c),

the tagetsareoversgmented.Suchresultsshav the impor-

tanceof automaticallyselectingthe appropriatek for parti-

tioning the image. Also, one canseefrom Figure 2(b) that
the car on the left is only detectedpartially. Giventhe fea-
tureswe areusing,this sggmentatioris acceptablesincethe
IR image shaws that the bottom of the car doesblendinto

the background. However, a humanis ableto segmentthe
wholecarby makinguseof humanvision cuessuchasconti-

nuity andfamiliarity, which impliesthattargetdetectiormay
beimprovedby introducingadditionalGestalticfeatures Fi-

nally, Figure 2(d) shawvs detectionof clutter alongwith the
target. This highlightsthe needfor a coupledtop down pro-

cessingo beintegratedwith bottomup processindo reduce
noise.

In summarywe believe theresultsshavn arepromisingin the
contet of targetdetectionandconcludefrom theseobsena-
tions and resultsthat image segmentationbasedon percep-
tual organizationmeritsfurtherinvestigation. Futurework in-
cludesaquantitatve analysisof thisapproacltvs. currentsey-
mentatioralgorithmsandothergraphpartitioningapproaches
to shav comparatie results furtherteststo shav robustness

(© (d)

givenscenevariability, andinvesticationinto methodso au-
tomaticallydetermineanappropriatek.
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